Abstract. Let R be a semiprime ring with a derivation d and let U be a Lie ideal of R, a ∈ R. Suppose that ad(u) n = 0 for all u ∈ U, where n is a fixed positive integer. Then ad(I) = 0 for I the ideal of R generated by [U, U ] and if R is 2-torsion free, then ad(U ) = 0. Furthermore, R is a subdirect sum of semiprime homomorphic images R 1 and R 2 with derivations d 1 and d 2 , induced canonically by d, respectively such that ad 1 (R 1 ) = 0 and the image of U in R 2 is commutative (central if R is 2-torsion free), where a denotes the image of a in R 1 . Moreover, if U = R, then ad(R) = 0. This gives Bresar's theorem without the (n − 1)!-torsion free assumption on R.
In [8] I. N. Herstein proved that if R is a prime ring and d is an inner derivation of R such that d(x)
n = 0 for all x ∈ R and n a fixed integer, then d = 0. In [6] A. Giambruno and I. N. Herstein extended this result to arbitrary derivations in semiprime rings. In [2] 
L. Carini and A. Giambruno proved that if R is a prime ring with a derivation d such that d(x)
n(x) = 0 for all x ∈ U, a Lie ideal of R, then d(U ) = 0 when R has no nonzero nil right ideals, char R = 2 and the same conclusion holds when n(x) = n is fixed and R is a 2-torsion free semiprime ring. Using the ideas in [2] and the methods in [5] C. Lanski [11] removed both the bound on the indices of nilpotence and the characteristic assumptions on R.
In [1] M. Bresar gave a generalization of the result due to I. N. Herstein and A. Giambruno [6] in another direction. Explicitly, he proved the theorem: Let R be a semiprime ring with a derivation d, a ∈ R. If ad (x) n = 0 for all x ∈ R, where n is a fixed integer, then ad(R) = 0 when R is an (n − 1)!-torsion free ring. The present paper is then motivated by Bresar's result and by Lanski's paper [11] . We prove Bresar's result without the assumption of (n − 1)!-torsion free on R. In fact, we study the Lie ideal case as given in [11] and then obtain Bresar's result as the corollary to our main result. More precisely, we shall prove the following Main Theorem. Let R be a semiprime ring with a derivation d and let U be a Lie ideal of R, a ∈ R. Suppose that ad(u) n = 0 for all u ∈ U , where n is a fixed integer. Then ad(I) = 0 for I the ideal of R generated by [ Corollary. Let R be a semiprime ring with a derivation d and a ∈ R. If ad(x) n = 0 for all x ∈ R, where n is a fixed integer, then ad(R) = 0.
Throughout this paper let R be a semiprime ring, U a Lie ideal of R, Z the center of R, C the extended centroid of R and d a derivation of R. Given two elements a, b ∈ R, [a, b] will denote the element ab − ba; also, for two subsets A and B of R, [A, B] is then the additive subgroup of R generated by all elements [a, b] with a ∈ A, b ∈ B. For any subset S of R, denote by r R (S) the right annihilator of S in R, that is, r R (S) = {x ∈ R|Sx = 0} and l R (S) is defined similarly. If r R (S) = l R (S), then r R (S) is called an annihilator ideal of R and is written as ann R (S). Note that it is easy to check that every annihilator ideal of the semiprime ring R is invariant under all derivations of R. This fact will be used in our proofs.
We begin this paper with the following key result. 
Theorem 1. Let R be a prime ring with a derivation d and let U be a Lie ideal of
for all x, y ∈ I. Denote by Q the two-sided Martindale quotient ring of R. If d is not inner on Q, applying Kharchenko's theorem [9] we have a(
n since au = 0 and hence (azut) n+1 = 0. Applying Levitzki's lemma [7, Lemma 1.1] we have azu = 0. By the primeness of R it follows that u = 0 since a = 0. That is, [x, y] n = 0 for all x, y ∈ R. Now by [6] or by an easy computation we can conclude that R is commutative, a contradiction. Thus we may always assume that d is Q-inner. So there exists an
Since by [3] Q and I satisfy the same generalized polynomial identities (or GPIs in brief), we have a[b, [x, y] ] n = 0 for all x, y ∈ Q. Also, since Q remains prime by the primeness of R, replacing R by Q we may assume that b ∈ R and C is just the center of R. Note that R is a centrally closed prime C-algebra in the present situation [4] . We divide the proof into two cases. Case 1. Assume that R satisfies a nonzero GPI.
In this case, since R is a centrally closed prime C-algebra, by Martindale's theorem [12] R is a strongly primitive ring. n = 0 for all x, y ∈ R, we see that
since R has no nonzero GPI. Expanding this we see that
Suppose for the moment that ab and a are C-independent. Then (1) implies n−1 = 0. As before, the same argument implies b ∈ C, a contradiction. This gives the proof of (i).
For (ii), since [U, U ] = 0, it follows from the proof of (i) that ad(R) = 0. This completes the proof of the theorem.
We are in a position to prove the Main Theorem.
Proof of the Main Theorem. Let P be a prime ideal of R such that [U, U ] P and set
Up to now we have proved that for any prime ideal
Recall that I is the ideal of R generated by [U, U ]. Then ad(R)I ⊆ P for all prime ideals P of R. Thus ad(R)I = 0 by the semiprimeness of R.
Assume that R is a semiprime 2-torsion free ring. Then P = 0, where the intersection is taken over all prime ideals P of R such that R/P is 2-torsion free. Let P be a prime ideal of R such that R/P is 2-torsion free. If d(P ) ⊆ P , then d induces a canonical derivation on R/P and hence, by Theorem 1, ad(U ) ⊆ P follows.
Suppose that d(P )
P . Then by the preceding argument either ad(R) ⊆ P or [U, U ] ⊆ P . If ad(R) ⊆ P , then we are done. Suppose that [U, U ] ⊆ P . Then [U, U ] = 0 in R = R/P . Since charR = 2, we must have that U is central by [10, Theorem 4] . That is, [U, R] ⊆ P . Let u ∈ U and x ∈ R. Then 0 = ad ([u, x] 
Thus we have proved that ad(U ) ⊆ P when char R/P = 2. Consequently, ad(U ) ⊆ P , where P runs over all prime ideals of R such that R/P is 2-torsion free. Therefore ad(U ) = 0, since P = 0.
It remains to prove the last statement of the theorem. Denote by A the intersection of all prime ideals P of R with the property that ad(R) ⊆ P and by B the intersection of all prime ideals P with the property that [U, U ] ⊆ P . We follow the argument of Lanski [11] . Since AB = 0 and ann R (ann R (A)) ann R (A) = 0, we obtain that ad(R) ⊆ A ⊆ ann R (ann R (A)) and [U, U ] ⊆ B ⊆ ann R (A). Set R 1 = R/ ann R (ann R (A)) and R 2 = R/ ann R (A). Then d induces derivations d 1 and d 2 on R 1 and R 2 , respectively, since ann R (ann R (A)) and ann R (A) are d-invariant. Now it is clear that ad 1 (R 1 ) = 0 and the image of U in R 2 is commutative. Finally, if R is 2-torsion free, then we can construct the subdirect sum R of R 1 and R 2 such that the image of U in R 2 is central. Indeed, in this case we can take only these prime ideals P of R with char R/P = 2 in the construction of A and B. By 
